In this paper we propose a set of algorithms that combine the anisotropic smoothing using the heat kernel with the outlier rejection capability of robust statistics. The proposed algorithms are applied on structural vector flows that model the internal shape variation in volumetric images. The 3D shapes are represented by sparse cross-sections along the main axis of the object. The dual directional block matching algorithm is used to initially extract the structural flows. This algorithm uses block matching between pixel blocks from consecutive images representing sparse cross-sections through a volume. Two flows are produced using forward and reverse matching along the main axis of the 3D object. After smoothing, the structural flows are used for slice interpolation. Experimental results provide a comparison among the given algorithms when used for digital 3D reconstruction of an incisor and of two human bones.
INTRODUCTION
In this research study, the procedure of estimating structural flows from volumetric images is similar to that of finding the optical flow from image sequences. Structural flows model the variation of the greylevel texture as well as that of various features across several image slices from a volume. In medical imaging, optical flow has been used to model brain deformations during and after neurosurgery [1] , and for 3D surface reconstruction [2] . One subject of great interest consists of interpolating a volumetric image from a given sparse set of cross-sectional slices. Various methods have been used for volumetric interpolation including mathematical morphology operators [3] . A comparative study of various volumetric interpolation methods has been conducted by Grevera and Udupa [4] .
In this paper we use the dual directional block matching algorithm for estimating structural flows in volumetric images. This algorithm uses block matching both forward and backward in the ordered image slices. The two flows are combined and can be used for interpolating additional image slices. However, due to the image structure, the matching process usually results in wrong local estimates and noisy vectors. We propose a structural flow smoothing methodology that combines anisotropic diffusion [5, 6] with robust statistics [7] . The proposed anisotropic diffusion approach employs the heat kernel considered as a Gaussian function. The covariance matrix of the Gaussian kernel is represented by the Hessian, modelling the local data geometry. This allows smoothing along the main features in data [8, 9] . However, diffusion does not eliminate outliers, causing bias in the resulting smoothed values. Median radial basis function network was used to robustly segment optical flows [10] . Ling and Bovik have shown that a hybrid median diffusion filter can achieve good noise suppression when filtering images with low signal-to-noise ratio [11] . The ability of robust statistics to remove noise from the diffusion process of motion vector fields was shown in [9] . The paper is structured as follows. Section 2 describes the dual directional block matching algorithm (DBMA) and how it can be used for interpolating volumetric images, while Section 3 introduces two robust diffusion algorithms. The numerical simulation results are provided in Section 4 and Section 5 concludes the paper. [10] , the search area from the reference image-slice has the same center as the block from the initial imageslice. However, due to the shape variation, a large part of the search region may consist of the background, i.e. without useful information for the structural flows. In this case, we apply a growing algorithm by progressively increasing the size of the search region until a part of the object contained in the reference slice is detected. Then, the matching algorithm proceeds searching for the best correlated block. For the second structural flow, the algorithm is applied with a reversed role for the two slices, seeking the best correlations of blocks from the reference image-slice with those inside a search region defined in the initial slice. The result consists of two structural flows in opposite direction to each other along the main axis of the 3D object. However, the vectors from the two flows are not necessarily identical in absolute value and orientation. Similar with other block matching based optical flow estimation algorithms, this algorithm is susceptible to noise and thus outliers will emerge in the resulting vector fields. It is also important to use an appropriate block size during the matching process, otherwise valuable information can be lost. The structural flows model the internal variation in the volume. Two interpolated slices are generated, one Anisotropic diffusion was introduced as a way to smooth preferentially in certain directions with the aim to preserve main features [5, 6] . If we assume M to be compact, then Kt (x, y) from (2) can be decomposed with respect to its eigenvalues and eigenvectors. In 2D space we have the eigenvalues as {Cl, C2 }, while the eigenvectors {u, w} define an orthogonal space. The heat equation uses oriented Laplacians in this case and becomes [8] :
I(x,t) 02_1 021( =Cl -y~+ C2 &2 trace (TH(x)) (4) where the second derivatives of the data are calculated along the directions of the eigenvectors, and H (x) is the Hessian matrix at location x, while T is the 2 x 2 tensor defined by:
The local Hessian represents the curvatures of the local manifold [8] and can be used as a feature detector in data. When employing equation (4) we ensure that the anisotropic diffusion is performed only on the direction perpendicular to that of the edges. On the other hand, in homogeneous regions there is no preferred direction of smoothing and isotropic diffusion can be used. The Hessian has been used as a detector of change in the direction of the optical flow extracted from image sequences [9] . The Hessian of the local structural flow is the matrix H whose entries are partial second order derivatives:
where i, j c {x, y} and V represents the structural flow.
The local Hessian indicates major changes in the direction of the structural flow as well as the boundaries of various regions from the volumetric image. Hessians have been employed as kernels for diffusion based smoothing in various applications [8, 9] . The normalized discretization of (3) is given by: 
where E represents the covariance matrix, d is a normalization coefficient, and z, is the kernel center, corresponding to the location where we apply the heat kernel.
where VtLi is the vector at location i, k is the slice number, zc represents the central location of the neighbourhood j, usually assumed to be 3 x 3, while t denotes the iteration number. Outliers are produced in structural flows due to wrong matches caused by the presence of noise and texture in the volumetric image. Diffusion algorithms do not eliminate the influence of outliers, but rather diffuses them in the neighbourhood, causing a bias in the estimation of the structural flow. A solution to the problem of diffused outliers is to combine robust statistics with the diffusion kernel. Order statistics algorithms have the ability to eliminate outliers and have been successfully used for image filtering [7, 11] . Median radial basis function network has been employed for optical flow segmentation [10] . In our approach we combine the smoothing produced by the anisotropic diffusion and the feature preserving capability of the Hessian kernel with the outlier rejection ability of robust statistics algorithms. For the first robust diffusion algorithm we apply the Hessian-based diffusion algorithm as in (7), but calculated directionally instead of centrally, with respect to the window location. Consequently, directional smoothing for all the vectors from a certain neighbourhood is achieved. The median operator is applied onto the results produced by directional diffusions: A second robust statistics algorithm is derived using the interquartile averaging, which is known in image filtering as the alphatrimmed mean algorithm [7] . The alpha-trimmed mean algorithm ranks the given data marginally and eliminates a certain percentage of data at both extremes of the ranked array from the calculation of the diffusion. The aim of this method is to remove the outliers and apply the diffusion algorithm only on data that is statistically consistent with the structural flow orientation. The updating equation is:
where a is the trimming percentage from a ranked array of N vectors from the neighbourhood j, and (i) represents the location of the ranked vector.
EXPERIMENTAL RESULTS
The proposed methodology is applied for 3D volume reconstruction from sparse sets of cross-sections. This study provides results on 3 data sets representing an incisor tooth, a humerus bone and an iliac bone. A slice from each data set is represented in Fig. 2 . The first example consists of an incisor which has been mechanically sliced and digitized. A total of 22 slices representing sparse cross-sections through the incisor have been obtained. The background as well as the root canal have been segmented. We intend to obtain a 3D representation of the incisor using only the given sparse set of slices. A mathematical morphology operator was applied for volumetric interpolation on this data set in [3] . The 3D humerus dataset has 411 slices while the 3D iliac has 257 slices. These 3D objects are shown in Fig. 4a and Fig. 5a , respectively. The dual directional block matching algorithm was applied on consecutive pairs of incisor slices and the resulting structural flows are smoothed and used for generating intermediary slices as shown in Fig. 1 . Several anisotropic diffusion algorithms have been used for smoothing the structural flows. The first one, called 2DH, uses the Gaussian kernel with the Hessian as the covariance matrix, as modelled by equation (7) . The median Hessian (MED-2DH) is applied according to (8) , while the alpha-trimmed mean Hessian (ATM-2DH) employs (9) . The neighbourhood is j = 3 x 3, which for the MED-2DH becomes 5 x 5 due to the directional filtering. For ATM-2DH we consider N = 9, while aN = 3, and 6 vectors are eliminated from the diffusion process. The results provided by these algorithms are compared with those obtained when smoothing the structural flows with other anisotropic diffusion algorithms such as PeronaMalik [5] and Black et al. algorithm [6] .
For the incisor set, we have generated 20 intermediary slices for each pair of consecutive slices, while for the other two sets we subsample the number of slices with 1:6 and reconstruct the missing slices. The 3D shapes as well as their associated greylevels and internal texture are reconstructed following the interpolation using structural flows. The 3D reconstruction results for the incisor are displayed in Fig. 3 , for the humerus bone in Fig. 4 , while for the iliac bone are shown in Fig. 5 . The reconstruction errors when skipping one frame from the original sequence for the incisor data set, and 5 frames for the humerus and iliac data sets, and after interpolating them back, as described in this paper, are provided in Table 1 . The Hausdorff distance calculated between the contours of the orthogonal projections of the 3D shapes, when skipping various numbers of frames are shown in Table 2 for the humerus bone. According to the results from Tables 1 and 2 , MED-2DH and ATM-2DH provide the best results, closely followed by the 2DH algorithm. The surfaces of the reconstructed objects are smoother for the 3D incisor and humerus than for the iliac bone which has a more complex structure. The reconstruction of the incisor using Perona-Malik and Black's algorithms is not that good in the area where the root canal ends, while ATM-2DH and MED-2DH provide clearly smoother surfaces, as it can be observed from Fig. 3 . 2DH, closely followed by MED-2DH provides better surface reconstruction results than the other approaches for humerus and iliac bones as it can be seen in Fig. 4d and Fig. 5d , as well as in Fig. 4f and Fig. 5f , respectively. The external surfaces of the 3D shapes can be further smoothed using a postprocessing algorithm. Table 2 . The Hausdorff distance calculated between the boundaries of the reconstructed and original slices for humerus bone.
5. CONCLUSION This research study presents a new approach for reconstructing volumetric images. Structural flows model the greylevel variation between pairs of images representing cross sections through 3D objects. The dual directional block matching algorithm is used to initialize the structural flow. Interpolated slices are generated along the structural flow. The anisotropic diffusion employs a Gaussian kernel whose covariance matrix is the local Hessian. The Hessian models the local geometry and forces the diffusion along main features, such as edges. We propose two ways to robustify anisotropic diffusion in order to smooth the structural flows. Median and inter-quartile averaging (alpha-trimmed mean) are used in order to eliminate outliers from the diffusion process. A comparative study is undertaken for the 3D reconstruction of two bones and a tooth. The proposed vector field smoothing methodology can be used in various other applications as well.
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